The problem of the emergence and survival of self-replicating molecules in origin-of-life 1 scenarios is plagued by the error catastrophe, which is usually escaped by considering effects of 2 compartmentalization, as in the stochastic corrector model. By addressing the problem in a simple 3 system composed of a self-replicating molecule (a replicase) and a parasite molecule that needs the 4 replicase for copying itself, we show that transient (rather than permanent) compartmentalization 5 is sufficient to the task. We also exhibit a regime in which the concentrations of the two kinds of 6 molecules undergo sustained oscillations. Our model should be relevant not only for origin-of-life 7 scenarios but also for describing directed evolution experiments, which increasingly rely on transient 8 compartmentalization with pooling and natural selection.
in the present case there is no externally applied selection. Thus the main steps of the replicating cycle 66 in this case are as shown in Figure 1a : 67 • Inoculation of the compartments;
68
• Maturation of the compartments; 69 • Pooling of compartment contents. 70 In the inoculation step, as in Ref. [9] , one chooses a number n of molecules from the pool, where n is Poisson distributed with average λ. The resulting inoculum then contains m replicases and y = n − m parasites, which are distributed according to a Binomial distribution of parameter x, where x is the initial fraction of replicases in the pool. We shall denote by P λ (n, m, x) the resulting probability distribution. This follows closely the corresponding steps in Ref. [9] . However, the dynamics of the maturation step is different and is described by the following equations:
where m(t) and y(t) are respectively the self-replicating and the parasitic species populations at time t, while α and γ are their respective replication rates. The analytical solution described in Appendix A yields the compartment composition (m(T), y(T)) at the stopping time T as a function of the initial composition, denoted by (m = m(0), y = y(0)). The stopping time T is itself fixed by the condition
where n = m + y denotes the initial number of molecules in the compartment and K is a parameter 71 that represents the number of new strands that can be created during the replication process, due 72 to the finite amount of nutrients present in the compartment. We shall call it the carrying capacity.
73
We shall use in the following the shorthandsm = m(T) andn = m(T) + y(T). Moreover, the ratio 74 Λ = γ/α of the replicating constants of both species is another important parameter of the dynamics.
75
After the maturation step, the contents of the compartments are pooled. The fraction x of replicases in the pool is expressed in terms of its value x at the beginning of the round by the following equation:
where · · · denotes the average with respect to the probability distribution P λ (n, m, x) . Note that 76 the number of molecules in the compartments at the end of the maturation step is not uniform (in 77 particular, compartments which are pure in parasites contain at the end the same number of molecules 78 as in the beginning). Thus we cannot directly average x over the compartments as it was done in 79
Ref.
[9].
80
In Appendix B we show that, in the limit Λ 1 where the parasites are much more aggressive than the self-replicating molecules, the recursion equation (3) can be simplified, yielding
The behavior of this model is described in Section 3.1. We now consider a model of transient compartmentalization with a variable inoculum size λ. In experiments based on serial transfers, a fraction of the solution is transferred into a new fresh medium repeatedly [17] . This can be described theoretically by adding a dilution step in the replicating cycle as shown in Figure 1b . Then λ can change because a given amount of the pooling solution can contain a variable number of replicating molecules, depending on their average concentration. The dynamics is now described by a pair of equations for the evolution of the fraction x and of the parameter λ :
where d is the dilution factor andm,n are given by the same equations as above, evaluated with the 83 current value of λ. 84 Using the same approximations used to derive Eq. (4), we obtain the following set of equations, valid for Λ 1:
These equations can be more easily manipulated than the corresponding equations for the global 85 compartmentalization process.
86
The behavior of this model is described in Section 3.2. 87
Results

88
We first describe the results of the model with fixed inoculum size (Figure 1a , Section 2.1), and 89 then those of the variable inoculum-size model (Figure 1b , Section 2.2). in Figure 2 . Therefore, to maintain replicators at a significant concentration, one can not escape the 100 condition that the average size of compartments be of the order of one molecule per compartment. To delve deeper in the analysis of these oscillations, let us proceed with the equations (6) Another interesting feature in these oscillations is the beating pattern which is visible on Figure 4a 142 as a modulation in the amplitude of the oscillations. This pattern results from the interplay between 143 two frequencies, the sampling frequency fixed by the duration of a single round, and the intrinsic 144 frequency of the oscillations. By changing the sampling frequency, the beating pattern is accordingly 145 modified.
To summarize all these results, we build the phase diagram in the plane (K,d) shown in Fig. 5a . As can be seen in this figure, the boundaries between the phases, unstable spirals, stable spirals and stable nodes are lines in the plane (K,d) . This can be understood from the following argument. In the limit K → ∞, the equations which determine the fixed point coordinates (x * , λ * ) deduced from Eqs. 6 can be simplified to yield :
The second equation above can be written as
which shows that the coordinates of the fixed point (x * ,λ * ) only depend on the ratio K/d in the large K 147 limit. It follows that the boundary between the region of unstable and stable spirals, where the Hopf 148 bifurcation occurs is a straight line as shown in Fig. 5a . A similar argument holds for the boundary 149 between the stable spirals and the stable node, which is also a straight line in this diagram.
150
To confirm this interpretation, we show in Fig. 5b , the values of (x * ,λ * ) as a function of K, 
Discussion
159
We have studied a simple system composed of a self-replicating molecule (a replicase) and a 160 parasite molecule that needs the replicase for copying itself. In the case of a fixed inoculum size 161 (i.e., for a fixed value of the parameter λ), we have found that this system is able to maintain the 162 replicase molecules against the take-over of parasites in the absence of artificial selection. Although 163 the phase diagram contains a large coexistence region, only in a small part of it, when λ is close to 164 one, are the replicase molecules maintained at a significant concentration. This may explain why 165 experiments on directed evolution using compartmentalized self-replicating molecules such as DNA or RNA are usually carried out in this regime for these molecules, while all other required chemical
The maturation equations (1) can be solved analytically to give
where m and y are the initial population sizes of both species, n their sum, t the time, and Λ = γ/α the ratio of the two replicating constants. The dynamics of these equations is hyper-exponential, and exhibits finite-time divergencies. However, the divergencies are not relevant for the model, since the carrying capacity cutoff stops this dynamics at finite values of m and y, as intimated by the stopping condition given by Eq. (2). Introducing the quantity u = 1 − αtm, we express the stopping condition (2) as follows:
We can then solve this equation in terms of u to obtain the final population sizes denoted bym andn.
239
Appendix B. Derivation of the equations in the Λ 1 limit 240 The expression of x in the Λ 1 limit is evaluated by splitting averages in multiple parts. The denominator n of the recursion (3) is given by
where the first sum of the right hand side corresponds to compartments without self-replicators (m = 0) and the second one corresponds to all other compartments containing replicases. Their final populations remain equal to n molecules after the maturation in the former compartments without replicators and grow to K + n molecules in compartment containing replicases. Thus, n can be expressed by
and, using the definition of P λ (n, m, x) introduced in section 2.1, yields the exact equation
The numerator m is evaluated in a similar way, starting by splitting the average to give ∑ n,mm
where the first sum of the right hand side corresponds to compartments with only self-replicating molecules (m = n), and the second sum corresponds to compartments with mixed populations. Empty and pure parasitic compartments do not contribute to the average because in themm = 0. In the former case the final self-replicator population verifiesm = K + n. In the latter case, with mixed population, no exact solution form can be determined. We assume that self-replicators do not have the time to replicate during the maturation in presence of aggressive parasites, i.e., thatm = m if Λ 1. Equation (A6) can thus be rewritten
and gives after similar derivations as for equation (A5),
as long as Λ 1. Finally, by combining equations (A5) and (A8), one obtains the following approximate expression, valid for Λ 1, of the recursion equation (3):
The approximate expression of Eqs. (5) straightforwardly follows.
241
Appendix C. Analysis of the bifurcation 242 In order to analyze the nature of the bifurcation, one could a priori use either the coordinates ( m , 243 ȳ ) or the coordinates (x,λ), since there exists a simple bijection between the two sets of coordinates 244 defined by Eq. (5). In the following, we have studied numerically the Jacobian of the system of 245 equations in the coordinates (x,λ) given by Eqs. (6) . We denote the two eigenvalues of this Jacobian 246 by φ k with k = 1, 2. The behavior of these quantities is shown in Figure A1 . By evaluating the two 247 eigenvalues at the fixed point (x * , λ * ), we observe that their modulus moves from above to below 1 as the system spirals up from the unstable fixed point to a stable limit cycle, which encloses the fixed 252 point, while for d > 20.74, the system spirals down towards the stable fixed point. We checked that 253 the amplitude of the oscillations decreases smoothly to zero as the bifurcation point is approached, 254 and that therefore the bifurcation is supercritical. There is a second transition at d = 37.15, where the 255 imaginary parts of the eigenvalues vanish. This means that the system no longer oscillates or spirals 256 around the fixed point, but instead converges to it monotonically. In this regime, the fixed point is 257 therefore a stable node [19, p. 128 ]. 
